This paper investigates some properties of the number of subtrees of a tree with given degree sequence. These results are used to characterize trees with the given degree sequence that have the largest number of subtrees, which generalizes the recent results of Kirk and Wang. These trees coincide with those which were proven by Wang and independently Zhang et al. to minimize the Wiener index. We also provide a partial ordering of the extremal trees with different degree sequences, some extremal results follow as corrollaries.
Introduction
All graphs in this paper will be finite, simple and undirected. A tree T = (V, E) is a connected, acyclic graph where V(T ) and E(T ) denote the vertex set and edge set respectively. We refer to vertices of degree 1 of T as leaves. The unique path connecting two vertices u, v in T will be denoted by P T (u, v) . The number of edges on P(u, v) is called distance dist T (u, v) , or for short dist (u, v) between them. We call a tree (T, r) rooted at the vertex r (or just by T if it is clear what the root is) by specifying a vertex r ∈ V(T ). The height of a vertex v of a rooted tree T with root r is h T (v) = dist T (r, v). For any two different vertices u, v in a rooted tree (T, r), we say that v is a successor of u and u is an ancestor of v if P T (r, u) ⊂ P T (r, v). Furthermore, if u and v are adjacent to each other and dist T (r, u) = dist T (r, v) − 1, we say that u is the parent of v and v is a child of u. Two vertices u, v are siblings of each other if they share the same parent. A subtree of a tree will often be described by its vertex set.
The number of subtrees of a tree has received much attention. It is well known that the path P n and the star K 1,n−1 have the most and least subtrees among all trees of order n, respectively. The binary trees that maximize or minimize the number of subtrees are characterized in [5, 7] .
Formulas are given to calculate the number of subtrees of these extremal binary trees. These formulas use a new representation of integers as a sum of powers of 2. Number theorists have already started investigating this new binary representation [1] . Also, the sequence of the number of subtrees of these extremal binary trees (with 2l leaves, l = 1, 2, · · ·) appears to be new [4] . Later, a linear-time algorithm to count the subtrees of a tree is provided in [11] .
In a related paper [6] , the number of leaf-containing subtrees are studied for binary trees. The results turn out to be useful in bounding the number of acceptable residue configurations. See [3] for details.
An interesting fact is that among binary trees of the same size, the extremal one that minimizes the number of subtrees is exactly the one that maximizes some chemical indices such as the well known Wiener index, and vice versa. In [2] , subtrees of trees with given order and maximum vertex degree are studied. The extremal trees coincide with the ones for the Wiener index as well. Such correlations between different topological indices of trees are studied in [8] .
Recently, in [13] and [9] respectively, extremal trees are characterized regarding the Wiener index with a given degree sequence. Then it is natural to consider the following question.
Problem 1.1 Given the degree sequence and the number of vertices of a tree, find the upper bound for the number of subtrees, and characterize all extremal trees that attain this bound.
It will not be a surprise to see that such extremal trees coincide with the ones that attain the minimum Wiener index. Along this line, we also provide an ordering of the degree sequences according to the largest number of subtrees. With our main results, Theorems 2.3 and 2.4, one can deduce extremal graphs with the largest number of subtrees in some classes of graphs. This generalizes the results of [5] , [2] , etc.
The rest of this paper is organized as follows: In Section 2, some notations and the main theorems are stated. In Section 3, we present some observations regarding the structure of the extremal trees. In Section 4, we present the proofs of the main theorems. In Section 5, we show, as corollaries, characterizations of the extremal trees in different categories of trees including previously known results.
Preliminaries
For a nonincreasing sequence of positive integers π = (d 0 , · · · , d n−1 ) with n ≥ 3, let T π denote the set of all trees with π as its degree sequence. We can construct a special tree T * π ∈ T π by using breadth-first search method as follows. 
Figure 1
To explain the structure and properties of T * π , we need the following notation from [12] .
Definition 2.1 ([12]) Let T = (V, E) be a tree with root v 0 . A well-ordering ≺ of the vertices is called a BFS-ordering if ≺ satisfies the following properties. (1) If u, v ∈ V, and u ≺ v, then h(u) ≤ h(v) and d(u) ≥ d(v); (2) If there are two edges uu 1 ∈ E(T ) and vv
We
call trees that have a BFS-ordering of its vertices a BFS-tree.
It is easy to see that T * π has a BFS-ordering and any two BFS-trees with degree sequence π are isomorphic (for example, see [12] ). And the BFS-trees are extremal with respect to the Laplacian spectral radius.
Let
to major the sequence π and denoted by π ⊳ π ′ . It is known that the following holds (for example, see [10] or [12] ). 
The main results of this paper can be stated as follows. 
Some Observations
In order to prove Theorems 2.3 and 2.4, we need to introduce some more terminologies. Figure 2 shows such a labelling according to a path of odd length (without z).
Labelling of a path and the components
We need the next two lemmas from [2] to proceed. 
From Lemmas 3.1 and 3.2, we immediately achieve the following observation. We leave the proof to the reader. 
with equality if and only if f X ≥k+1 (
For convenience, we refer to trees that maximize the number of subtrees as optimal. In terms of the structure of the optimal tree, we have the following version of Lemma 3.3. 
Corollary 3.4 Let T be an optimal tree in
T π and P(x m , y m ) = x m x m−1 . . . x 2 x 1 (z)y 1 y 2 . . . y m−1 y m be a path of T . If f X i (x i ) ≥ f Y i (y i ) for i = 1, · · · , k
with at least one strict inequality and
1 ≤ k ≤ m − 1, then f X ≥k+1 (x k+1 ) ≥ f Y ≥k+1 (y k+1 ).X i (x i ) ≥ f Y i (y i ) for i = 1, · · · , k
Denote by M the number of subtrees of T not containing vertices x k and y k . Let W be the connected component of T by deleting the two edges x k x k+1 and y k y k+1 containing vertices x k and y k . Then
Oh the other hand, let T ′ be the tree from T by deleting four edges x k x k+1 , x k+1 x k+2 , y k y k+1
and y k+1 y k+2 and adding four edges x k y k+1 , y k+1 x k+2 , y k x k+1 and x k+1 y k+2 . Clearly,
contradicting to the optimality of T . So the assertion holds.
Lemma 3.6 Let P be a path of an optimal T in T π whose end vertices are leaves. (i) If the length of P is odd (2m − 1), then the vertices of P can be labeled as x
(
ii) If the length of P is even (2m), then the vertices of P can be labeled as
Proof. We provide the proof of part (i), part (ii) can be shown in a similar manner. Obviously, the vertices of P may be labeled as x r x r−1 · · · x 1 y 1 y 2 · · · y s such that f X 1 the maximum among f X i and f X j for i = 1, 2, · · · , r and j = 1, 2, · · · , s, where r + s = 2m. Therefore, there is only one of the following three cases: Case 1: If the number of the maximum components is one, then there exists a 1 ≤ k ≤ m such that
Next we will prove (1). It is divided into three subcases.
, then we have k = 1 and (1)holds.
, then the vertices of P may be relabeled such thaty i is instead by x i+1 for i = 1, · · · , s and X i is instead by y i−1 for i = 2, · · · , r. Hence it is the same as the subcase 1.1.
, then we have k = 2 and (1)holds.
, then the vertices of P may be relabeled such thaty i is instead by x i+1 for i = 1, · · · , s and X i is instead by y i−1 for i = 2, · · · , r. Hance, the case is the same as the subcase 1.3.1.
, we can continue to analyze like f Y 1 (y 1 ) = f X 2 (x 2 ). Then we have k ≥ 3 and (1)holds. Next we will prove that if (1) holds, then we must have
If r > s, then r ≥ s+2 since r+s = 2m. Now we consider the path from vertex x s+1 to y s . By Lemma 3.5, we have
Now by Lemma 3.5 applied to the path from x m to y m , we have
On the other hand, by Lemma 3.5 applied to the path from y m−1 to x m , we have
Hence the assertion holds. Case 2: If the number of the maximum components is 2k ≥ 2. Then the path P can be
and the vertices x 1 , x 2 , · · · , x k , y 1 , y 2 , · · · , y k are in the maximum components respectively. That is to say all the maximum components are adjoining. Otherwise, there must be two pair vertices satisfying the first inequality in (1). Hence either of them, the vertices of P may be labeled as 
We omits the details. Then Cases (2) or (3) can be handled in the same manner, we omit the details here.
Following the conditions in Lemma 3.6, we have the following.
Lemma 3.7 (i) If case (i) of Lemma 3.6 holds, then
Proof. We only prove part (i), part (ii) is similar. For any 2 ≤ k ≤ m, let W k−1 be the connected component of T containing vertices x k−1 and y k−1 after removing the edges x k−1 x k and y k−1 y k . For k = 1 and k = m, it is easy to see
and
Moreover,
(5) By equations (4) and (5), we have
Now we claim that for 1
If there is at least one strict inequality in
By equations (8) and (9), the claim holds. (8) and (9), we have f X ≥k+1 (x k+1 ) = f Y ≥k+1 (y k+1 ) and the claim holds.
Hence (7) is proved. On the other hand, by Lemma 3.1, we have
. Together with (7), we see that (6 
Now we prove f T (y k ) ≥ f T (x k+1 ) for any 1 ≤ k ≤ m − 1. Let U k be the connected component of T containing vertex x k after removing the edges y k−1 y k (if k = 1, let y 0 = x 1 ) and x k x k+1 . Then
(11) Similar to (7), we can show that f Y ≥k+1 (y k+1 ) ≥ f X ≥k+2 (x k+2 ). By Lemma 3.1, we have (10) and (11) imply that
Since (13) . On the other hand, since
Therefore we have f T (
Hence f Y ≥k+1 (y k+1 ) = f X ≥k+2 (x k+2 ). Continuing this way in an inductive manner, we have
Combining the above results, we have proved part (i).
The next Lemma relates the number of subtrees to the structure of the tree. 
Further let W be the connected component of T containing vertices x k and y k after removing the r edges y k u 1 , · · · , y k u r . Let X be the single vertex x k and let Y be the connected component of T containing vertex y k after removing all edges incident to y k except for the r edges y k u 1 
, contradicting to the optimality of T .
Therefore the assertion holds. The case of equality is similar.
From Lemmas 3.6, 3.7 and 3.8 we have the following Lemma that decides the 'center' of the optimal tree.
Lemma 3.9 Let T be an optimal tree in
Proof. The assertion clearly holds for small trees, so we assume that
is maximized at one or two adjacent vertices of T . Thus we have
It is easy to see that v 0 is not a leaf (otherwise, let u be a neighbor of v 0 and we have f T (u) > f T (v 0 )). Let P be a path containing vertex v 0 and w whose end vertices are leaves. Let the length of P be 2m − 1 (the even length case is similar). Then by Lemma 3.6, the vertices of P can be labeled as
Hence by Lemma 3.7, we have
Therefore x 1 must be v 0 and w must be x k for 2 ≤ k ≤ m or y j for 1 ≤ j ≤ m. By Lemma 3.8, we have
contradiction. Hence the assertion holds.
Hence we assume that w v 1 . First note that v 0 and v 1 are not leaves. Let P be a path containing vertices v 0 , v 1 and w whose end vertices are leaves. Let the length of P be 2m − 1 (the even case is similar), then by Lemma 3.6, the vertices of P can be labeled as
Therefore {x 1 , y 1 } = {v 0 , v 1 } and w must be x k or y k for 1 < k ≤ m. By Lemma 3.8,
Combining cases (1) and (2), the assertion is proved.
Lemma 3.10 Let T be an optimal tree in T π . If there is a path P
Proof. Clearly, there exists a path Q that contains the path P and its end vertices are leaves. We assume l = k (the l = k + 1 case is similar). Let the length of Q be 2m − 1 (the even length case is similar). By Lemmas 3.7 and 3.8, The vertices of Q can be labeled as
Case 1: v 0 = x 1 . We must have u 1 = y 1 and v 1 = x 2 . Then u i = y i and v i = x i+1 for i = 1, · · · , k. Hence the assertion holds.
Case 2: 
Now for an optimal tree
T in T π , let v 0 ∈ V(T ) be the root of T with f T (v 0 ) = max{ f T (v) : v ∈ V(T )} and d(v 0 ) = max{d(v) : v ∈ V(T )}.
Corollary 3.11 If there is a path P
= u k · · · u 1 wv 1 v 2 · · · v k with dist(u k , v 0 ) = dist(v k , v 0 ) = dist(w, v 0 ) + k and f T (u 1 ) ≥ f T (v 1 ), then f T (u 1 ) ≥ f T (v 1 ) ≥ f T (u 2 ) ≥ · · · ≥ f T (u k ) ≥ f T (v k ) and d(u 1 ) ≥ d(v 1 ) ≥ d(u 2 ) ≥ · · · ≥ d(u k ) ≥ d(v k ).
If there is a path P
v ∈ V(P)}, the assertion follows from Lemma 3.10.
Proofs of Theorems 2.3 and 2.4
Now we are ready to prove Theorems 2.3 and 2.4.
Proof. of Theorem 2.3. Let T be an optimal tree in T π . By Lemma 3.9, there exists a vertex 
Generally, we assume that all vertices of V i are relabeled as {v i1 , · · · , v i,s i } for i = 1, · · · , t. Now consider all vertices in V t+1 . Since T is tree, it is easy to see that s 1 = d(v 01 ) and 
In this way, we have relabeled all vertices of V(T ) = p+1 i=0 V i . Therefore, we are able to define a well-ordering of vertices in V(T ) as follows:
We need to prove that this well-ordering is a BFS-ordering of T . In other words, T is isomorphic to T * π . We first prove, for t = 0, · · · , p + 1, the following inequalities.
For any two vertices v ti and v t j with 1 ≤ i < j ≤ s t , there exists a path 
By (17), (20) and (21), it is easy to see that this well ordering satisfies all conditions in Definition 2.1. Hence T has a BFS-ordering. Further, by Proposition 2.2 in [12] , T is isomorphic to T * π . So T * π is the unique optimal tree in T π having the largest number of subtrees.
Proof. of Theorem 2.4. By proposition 2.2, without loss of generality, we assume that 
On the other hand, let T 1 be the tree from T by deleting the edge v j v k and adding the edge v i v k . Then the degree sequence of T 1 is π 1 . By Lemma 3.2, we have ϕ(T *
. The assertion is then proved.
Applications of the Main Theorems
In the end we use Theorems 2.3 and 2.4 to achieve extremal graphs with the largest number of subtrees in some classes of graphs. As corollaries, we provide proofs to some results in [5] , [2] , etc.
Let T
n,∆ be the set of all trees of order n with the largest degree ∆, T
n,s be the set of all trees of order n with s leaves, T (3) n,α be the set of all trees of order n with the independence number α and T (4) n,β be the set of all trees of order n with the matching number β.
Corollary 5.1 ([5]) Let T be any tree of order n. Then
       n + 1 2        ≤ ϕ(T ) ≤ 2 n−1 + n − 1
with left equality if and only if T is a path of order n and the right equality if and only if T is the star K
Proof. Let T be a tree of order n with degree sequence τ. Let π 1 = (2, · · · , 2, 1, 1) and π 2 = (n − 1, 1, · · · , 1) with n terms. Clearly the path P of order n is the only tree with the degree sequence π 1 and the star K 1,n−1 of order n is the only tree with degree sequence π 2 . Furthermore, π 1 ⊳ τ ⊳ π 2 . Hence by Theorems 2.3 and 2.4, the assertion holds.
Corollary 5.2 ([2])
There is only one optimal tree T * ∆ in T 
Thus
and there exist integers r and 0 ≤ q < ∆ − 1 such that Proof. Let T be any tree in T 
